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Particle-reinforced polymers are widely used in load-carrying applications. The eﬀect of particle size on damage devel-
opment in the polymer is still relatively unexplored. In this study, the eﬀect of glass-sphere size on the damage development
in tensile loaded epoxy has been investigated. The diameter of the glass spheres ranged from approximately 0.5–50 lm. The
ﬁrst type of damage observed was debonding at the sphere poles, which subsequently grew along the interface between the
glass spheres and epoxy matrix. These cracks were observed to kink out into the matrix in the radial direction perpendic-
ular to the applied load. The debonding stresses increased with decreasing sphere diameter, whereas the length to diameter
ratio of the resulting matrix cracks increased with increasing sphere diameter. These eﬀects could not be explained by elas-
tic stress analysis and linear-elastic fracture mechanics. Possible explanations are that a thin interphase shell may form in
the epoxy close to the glass spheres, and that there is a length-scale eﬀect in the yield process which depends on the strain
gradients. Cohesive fracture processes can contribute to the inﬂuence of sphere size on matrix-crack length. Better knowl-
edge on these underlying size-dependent mechanisms that control damage development in polymers and polymer compos-
ites is useful in development of stronger materials. From a methodology point of view, the glass-sphere composite test can
be used as an alternative technique (although still in a qualitative way) to hardness vs. indentation depth to quantify
length-scale eﬀects in inelastic deformation of polymers.
 2006 Elsevier Ltd. All rights reserved.
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1.1. Background
Length-scale eﬀects in yielding and fracture of metallic materials have been studied quite extensively. This
ﬁeld of research has been prompted by miniaturization of e.g. electronic devices. Another driving force is the0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.05.026
* Corresponding author. Tel.: +46 8 7910 71 02; fax: +46 8 411 24 18.
E-mail address: jessica@hallf.kth.se (J.A. Tjernlund).
7338 J.A. Tjernlund et al. / International Journal of Solids and Structures 43 (2006) 7337–7357need for understanding of micro-structure-property relations in composite materials and micro-eletromechan-
ical systems (MEMS) in the presence of large strain gradients. Strain-gradient plasticity has proved to be a
useful tool in describing the constitutive behaviour of metals on micron scales where large strain gradients
occur. Several classical experiments on diﬀerent metallic materials have conﬁrmed that the plastic yield stress
increases with increasing strain gradients (Fleck et al., 1994; Sto¨lken and Evans, 1998; Nix and Gao, 1998).
Polymers of diﬀerent kinds are also inherent components in applications such as micro-electronic circuits,
MEMS and composite materials. Despite the widespread use of polymers in these applications, the length-
scale eﬀect in yielding of polymers, as well as in related fracture and damage processes, has not been studied
to any great extent. A contributing reason may be that polymer testing is more diﬃcult due to the time and
temperature dependence and that polymers come in many diﬀerent varieties. Thermosets are generally rela-
tively homogenous and isotropic due to a high and uniform cross-link density, whereas thermoplastics can
show a considerable anisotropy due to molecular orientation. Thermoplastics can also be semicrystalline,
which essentially means a composite of stiﬀer crystallites mixed with the more compliant amorphous phase.
The set of underlying mechanisms for length scale eﬀects in various polymers is still an open issue, whereas
geometrically necessary dislocations are believed to play an important role in the case of metals (Nix, 1997).
1.2. Length-scale eﬀects in polymers
As for metals, most experimental studies on strain-gradient yielding in polymers have been conﬁned to
micro-indentation (Briscoe et al., 1998; Chong and Lam, 1999; Lam and Chong, 2001; Agde Tjernlund
et al., 2004). These studies showed that the hardness depends on the indentation depth for microscale indents.
This method has generally been preferred to other test methods to quantify length-scale eﬀects, since it essen-
tially only requires a micro-hardness tester and a free surface. Other test methods than indentation at a free
surface are however of importance for independent quantiﬁcations of length scale eﬀects. Several experiments
have indirectly shown that there is such an eﬀect. Gamstedt et al. (2002) used Raman microscopy and mea-
sured higher local interfacial shear strengths along a carbon-ﬁbre ‘strain gauge’ embedded in unsaturated
polyesters than was measured macroscopically in Iosipescu tests for the neat polymer material. Du et al.
(2001) estimated yield stresses by atomic force microscopy in thin ﬁlms of polycarbonate and polystyrene that
were approximately twice as large as the bulk values.
1.3. Length-scale eﬀects in composites
Several studies have shown that the yield stress in metal-matrix composites with elastic particles of constant
volume fraction increases with smaller particle size (Ling et al., 1994; Lloyd, 1994). A strain gradient theory
can be incorporated into the incremental micro-mechanical scheme by including indirect strengthening (dislo-
cation strengthening) to the direct strengthening, i.e. load transfer from the matrix to the reinforcing particles.
In this way the particle size-dependent inelastic deformation behaviour of metal-matrix composites shown in
experiments can be predicted (Dai et al., 2001). Indications of the same behaviour with increasing yield stress
for decreasing particle size have also been shown for particle-reinforced polymers (Leidner and Woodhams,
1974). DiBenedetto and Lex (1989) measured higher interfacial shear strengths in fragmentation tests of single
ﬁbre/epoxy composites than the yield properties of the resin. Fiedler and Schulte (1997) used photo-elastic
analysis of a single glass ﬁbre/epoxy composite and found a local shear yield stress in the composite matrix
that was notably higher than that in the pure matrix.
The yielding process in the matrix is known to precede other damage processes in polymer–matrix compos-
ites. Debonding, matrix cracking, crazing and cavitation are other damage mechanisms that set in prior to
ultimate failure. These mechanisms may also show length-scale eﬀects. For instance, Zhuk et al. (1993) showed
that the debonding stress increases for decreasing glass particle size in polyethylene and polypropylene
matrices. Zhandarov et al. (2001) measured increasing critical energy release rate for initiation of debonding
(interfacial fracture toughness) in pull-out of glass ﬁbres from polyamide matrices with decreasing ﬁbre
diameters.
For large cracks beyond the range investigated in this study, fracture mechanics in brittle materials shows
an intrinsic length scale, since the criticality of cracks is controlled by the square root of its principal dimen-
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scaling of tensile strength of brittle materials with a distribution of inherent ﬂaws (e.g. Matthews et al., 1976).
1.4. Motivation and outline
Particle-ﬁlled polymers constitute a material of widespread use. Fillers of various dimensions are frequently
added to make polymers stiﬀer, cheaper and improve on properties such as heat resistance, dimensional sta-
bility, fracture toughness and colour control. The strain to failure typically drops when ﬁller particles are
added if the interfacial adhesion is poor (e.g. van Hartingsveldt and van Aartsen, 1989; Zhang and Berglund,
1993). Strength may also be reduced by the addition of particles since particles act as stress raisers (van Hart-
ingsveldt and van Aartsen, 1989; Zhang and Berglund, 1993). If a suitable interfacial adhesion can be assured
and if strengthening length-scale yield eﬀects can be invoked from small particles, a stronger material could be
produced. Further insight into the damage mechanisms and their length-scale dependence is however
necessary.
The objective of this study is to shed some light on the length-scale in damage development in a cross-linked
polymer, which is here a glassy thermoset epoxy. The polymer is ﬁlled with stiﬀ glass spheres of various dimen-
sions ranging from approximately 0.5–50 lm. During uniaxial tensile loading, the damage mechanisms in the
polymer matrix in close proximity to the glass spheres are observed. These mechanisms do not only include
yielding, but also debonding at the glass–polymer interface, and crack formation in the polymer matrix. Since
the reinforcing glass spheres are of diﬀerent sizes and remain intact during loading, length-scale eﬀects in dam-
age development related to the polymer can be characterized. These ﬁndings promote understanding that
could be used in materials development to suppress deleterious damage mechanism by e.g. controlling the size
distribution of reinforcing particles and interfacial adhesion.
In the following Section 2, the experimental procedures used to observe the diﬀerent damage mechanisms in
the epoxy matrix close to the glass spheres are presented. In Section 3 the results are presented with micro-
graphs and analyses of length-scale eﬀects in damage development. Based on the results, conclusions are
drawn in Section 4.
2. Experimental procedures
2.1. Material and specimen preparation
The polymer matrix material used was a thermoset epoxy system based on Araldite LY 5052 and Aradur
5052 from Huntsman (USA). Araldite LY 5052 is a low-viscosity epoxy resin and Aradur 5052 is a hardener
based on a mixture of polyamines. The Araldite has the density 1.17 g/cm3 and the Aradur has the density
0.94 g/cm3. The stoichiometric mix ratio should be 38 parts by weight Aradur to 100 parts Araldite. When
the mixture is cured in room temperature the material properties in Table 1 are obtained. The epoxy was cured
at room temperature and all tests were also done at room temperature, where the polymer is in its glassy state.
The particles used were solid glass micro-spheres from Potters Industries (UK). Potters A glass spheres are
manufactured from a soda lime glass composition, with material properties according to Table 1. The spheres
used are 5000 grade products, which has a mean diameter of 11 lm and 90% of the spheres have a diameter of
0.5–19.3 lm.
When making the samples 10 g Araldite, 3.8 g Aradur and 0.015–0.020 g glass spheres were used for each
batch, i.e. a very low sphere concentration. The components were weighed accurately and mixed thoroughly to
obtain optimal properties. The mould used consisted of two steel plates (see Fig. 1). One of the plates was
3 mm thick and had seven 5 mm · 105 mm holes with rounded tapered edges machined into the plate. The
second plate was screwed on to the ﬁrst plate, working as a removable bottom. A Teﬂon release agent was
sprayed along the edges of the hole and on the bottom plate to facilitate removal of the specimen after casting.
After the mould was ﬁlled with the mixture it was placed in an exsiccator connected to a suction pump to
remove all air bubbles that were formed during blending. The air bubbles rose to the surface within a few min-
utes, and remained there for a long time before bursting. The mould was therefore kept in the exsiccator for
approximately three hours until all air bubbles were gone. The gauge pressure in the chamber was measured to
Table 1
Material properties for the epoxy matrix and the glass spheres from manufacturers data sheets
Material Property Value
Epoxy Young’s modulus, E 3.45 GPa
Poisson’s ratio, m 0.35
Ultimate strength (tensile strength), rf 60 MPa
Fracture toughness, KIC 0:80 MPa
ﬃﬃﬃﬃ
m
p a
Glass transition temperature, Tg 64 C
Glass Young’s modulus, E 68.9 GPa
Poisson’s ratio, m 0.21
a Cure 8 h 80 C, not RT.
Fig. 1. The mould used consists of two steel plates. One of the plates has holes with rounded tapered edges. The second plate was screwed
on to the ﬁrst plate, working as a removable bottom.
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that case the air bubbles rose too quickly so that the mixture did not stay in the mould. The material was cured
in room temperature for seven days. After full cure the specimens were taken out from the mould. This was
done by removing the bottom of the mould and the specimens were gently rapped and pushed through the
mould. The specimens were polished, with a 320 grit wet abrasive paper, at the long sides to make the width
uniform and approximately 3.6 mm. This width was chosen so that the material tensile strength could be
reached within the capacity of the load cell in the tensile test machine.
2.2. Testing
For the tensile test, the miniature materials tester MiniMat2000 (Rheometric Scientiﬁc, UK) was used. The
tensile machine was ﬁxed to the stage of an Olympus BX50 system microscope (Olympus Corporation, Japan).
A load cell with the capacity of 1000 N was used. The electric motor of the load cell was attached to a slider
that could move along a beam, which was necessary when changing the position of the microscope stage.
When attaching the specimens to the templin grip extra caution was taken so that they were centred and that
no bending moment was introduced. This was also checked during testing by monitoring that no notable
motions occurred in other directions than the tensile direction.
The microscope light could be used in two diﬀerent ways, reﬂected mode and transmitted mode, since the
material is transparent. Both modes have advantages and disadvantages and both were used to capture diﬀer-
ent features. The ﬁrst observation during testing was that localized deformation only occurs close to superﬁcial
spheres, which means that it was important to ﬁnd these spheres. With light in transmitted mode it is easy to
see into the material and hard to determine how deep the spheres are located. With light in reﬂected mode only
Fig. 2. Optical micrograph of the same position at the surface in reﬂected (left) and transmitted mode (right).
Fig. 3. The left image is a micrograph of a sphere with cracks where reﬂected light mode was used. The right image is a schematic
illustration of a sphere with cracks.
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priate part of the surface to focus on. This diﬀerence between transmitted and reﬂected mode is shown in
Fig. 2. The ﬁrst localized deformation close to the spheres turned out to be debonding, which was only visible
in transmitted mode and not in reﬂected mode. Therefore, to be able to capture the deformation process, the
light was changed to transmitted mode after focusing on an appropriate area. A photograph of this area was
taken before loading the specimen. The load was applied manually at an approximately constant rate and reg-
istered continually. During loading the stage was moved and the focus was changed to keep the same area
visible on the screen. Approximately every 50 N a photograph was taken and the load was noted, until frac-
ture occurred. The ultimate fracture load was also noted. In this way, the deformation process could be mon-
itored in situ. When high loads were applied, cracks appeared in the vicinity of the spheres. After fracture the
light was changed to reﬂected mode and the specimen surface was scanned and the spheres were photo-
graphed. This mode was used because the boundaries appeared sharper than in transmitted mode, which made
measurements of the cracks and the spheres easier. A micrograph, with reﬂected light mode used, and a sche-
matic illustration of a sphere with cracks are shown in Fig. 3. A total number of 11 specimens were tested,
which all showed the same behaviour.3. Results and discussion
3.1. Tensile test results
In Figs. 4 and 5 micrographs are shown of the deformation process in the epoxy matrix in close proximity
to superﬁcial spheres, when increasing the applied load. A schematic illustration of the observed damage
mechanisms is shown in Fig. 6. From these ﬁgures it can be observed that the initial damage mechanism is
interfacial debonding, which initiates at one of the poles or at both poles. This has also been shown by diﬀer-
ent experimental methods and modelling in several studies on polymer–matrix materials with glass beads (van
Fig. 4. Optical micrographs of the deformation process in the epoxy matrix in close proximity to a superﬁcial sphere, when increasing the
applied load.
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Fig. 5. Optical micrographs of the deformation process in the epoxy matrix in close proximity to two superﬁcial spheres of diﬀerent sizes,
when increasing the applied load.
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Fig. 6. Schematic illustration of the localized deformation, when increasing the applied load.
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and Fisa, 1997a,b; Miller and Berg, 2003; Tsui et al., 2004). The same observation has been made for polymer
matrix with continuous ﬁbres loaded in tension (i.e. Takeda et al., 1994). In Figs. 4–6 it can be observed that,
when the applied load is increased, the debonding continues to the equator or close to the equator and then
kink out into the matrix. This has also been observed by Vejen and Pyrz (2001) and Tsui et al. (2004) and
modelled by Ivens et al. (1995), Vejen and Pyrz (2002). The entire localized deformation process occurs in
a controlled way. Fiedler and Schulte (1997) observed cracks close to the ﬁbre in a single glass ﬁbre/epoxy
composite that propagated in a controlled way when increasing the load and then stopped.
The debonding is initiated at the pole because there is a stress concentration there. This stress concentration
depends on the elastic properties of the matrix material and the particle, see Appendix A. In the current case,
with material data from Table 1, the stress concentration is approximately 1.8. The stress level shown in Figs. 4
and 5 when debonding is initiated gives a stress concentration close to the tensile strength of the matrix (see
Table 1). When the crack has started to propagate along the interface it can be assessed if the crack propagates
further along the interface or if it kinks out into the matrix material. He and Hutchinson (1989) proposed a
criterion based on critical values of the energy release rate for both the interface and the matrix material. They
assumed that the condition for propagation in the interface is Gi = Gic and that for propogation in the matrix is
J.A. Tjernlund et al. / International Journal of Solids and Structures 43 (2006) 7337–7357 7345G = Gmc. IfGmc is suﬃciently large compared toGic the crack will never kink into the matrix. WhenGmc is com-
parable to Gic there will still be a loading range, i.e. 0 6 c < cmax, such that the crack stays in the interface, while
for c > cmax, the interface crack will kink into the matrix. Here c is the stress-intensity phase angle deﬁned asc ¼ tan1 K2
K1
 
ð1Þwhere K1 is the normal component of the traction singularity acting on the interface while K2 is the shear com-
ponent, with the deﬁnitions given by He and Hutchinson (1989) for the interface stress-intensity factors.
As shown in Figs. 4 and 5, debonding initiated at a stress level of approximately half the fracture stress, i.e. at
relatively low stress and strain levels. This has also been observed by Zhuk et al. (1993), Sjo¨gren and Berglund
(1997) and Meddad and Fisa (1997a,b), as well as Miller and Berg (2003). However, for some specimens the
debonding initiated for stress levels close to the fracture stress. Then the localized deformation process occurred
rapidly. Debonding initiation at high stress levels relative to failure has also been observed by Puka´nszky et al.
(1994), Meddad and Fisa (1997a) and Thio et al. (2004). This means that debonding can rapidly lead to matrix
fracture and ﬁnal failure in a catastrophic unstable way. Such embrittlement by reduced damage tolerance
should be avoided. However, in the present investigation a very low volume fraction of spheres was used
and ﬁnal failure was not caused by the localized deformation in the vicinity of the particles, but at the templin
grip. Debonding initiation depends on the interfacial adhesion between polymer matrix and particles. The
adhesion can be improved by surface treatment, for example by applying a silane coupling agent to the glass
particles. In this way debonding is initiated at higher stresses (Takeda et al., 1994; Thio et al., 2004) and the
amount of debonding is less (Maiti and Mahapatro, 1991; Meddad and Fisa, 1997a,b; Thio et al., 2004). This
has also been observed to enhance the tensile strength (DiBenedetto and Lex, 1989; van Hartingsveldt and van
Aartsen, 1989; Meddad and Fisa, 1997a,b; Thio et al., 2004) and can improve the fracture toughness (Albertsen
et al., 1995; Ivens et al., 1995). For higher particle concentrations in a composite than in this study the debond-
ing initiation also depends on the amount of ﬁller. Stress and strain at the initiation of debonding has been
noticed to decrease with increasing ﬁller contents, but also the degree of debonding was shown to increase
at higher stress levels (van Hartingsveldt and van Aartsen, 1989; Meddad and Fisa, 1997a,b).
Interfacial adhesion, particle content and dispersion all contribute to the debond process that controls the
eﬀective strength properties. In practice, an optimum level is usually found for these three characteristics with
respect to strength. In the case of interfacial adhesion, a weak interface reduces the reinforcing eﬀect of the
particles, and the strength would be lower than that of the pure polymer matrix. A strong interface would lead
to a brittle material, which is sensitive to larger ﬂaws, such as particle agglomerations. In the case of particle
content, a low level would represent an almost unreinforced polymer. For high particle contents, adequate
particle wetting is diﬃcult to achieve, which leads to reduced interfacial stress transfer and a weaker material.
Regarding particle dispersion, a ﬁne spatial distribution without any localized regions of high particle concen-
tration would generally improve the strength properties due to reduced stress concentration. This scenario
would however require expensive processing techniques, and would not be feasible in cost-sensitive applica-
tions. A fourth potential parameter, which still remains relatively unexplored, may be exploited to inﬂuence
the debond and fracture processes, namely the particle size distribution.
After fracture the specimen surfaces were scanned and the spheres were photographed. Data from one spec-
imen is shown in Fig. 7 where the normalized crack length, L/D, is plotted against the sphere diameter, D. A
quadratic equation has been ﬁtted to the data. The normalized crack length increases with the sphere diameter,
which is a clear size eﬀect. It can also be observed that close to particles with a diameter smaller than approx-
imately 13 lm no cracks are visible. This is also a size eﬀect. Since all data in the ﬁgure are from the same
specimen and the cross section was uniform all spheres has been exposed to the same stress, 73 MPa. Similar
curves were obtained for other specimens. It can also be mentioned that there were no cracks in the specimens
that were not initiated from a particle.
To see if the crack length dependence on sphere size shown in Fig. 7 can be explained by linear-elastic frac-
ture mechanics the stress-intensity factor for three diﬀerent cases, presented in full in Appendix B, are plotted
in Fig. 8 against the normalized crack length for two diﬀerent particle diameters. The diﬀerent cases is the two-
dimensional case with cracks emanating from a hole in a inﬁnite plate, the three-dimensional cases with a
peripherally cracked spherical void and a circumferentially cracked hemispherical surface pit. Since the
Fig. 7. The normalized crack length plotted against the sphere diameter with a quadratic equation ﬁtted to the data. The applied stress
before fracture was 73 MPa.
Fig. 8. The stress-intensity factor for three diﬀerent cases plotted against the normalized crack length for two diﬀerent particle diameters
The diﬀerent cases is the two-dimensional case with cracks emanating from a hole in a inﬁnite plate (– – –), the three-dimensional cases
with a peripherally cracked spherical void (– Æ –) and a circumferentially cracked hemispherical surface pit (—).
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can be used to see the tendency for the stress-intensity factor. Since the stress-intensity factor increases mono-
tonically with crack length for all cases, the stress concentration from the hole does not reduce suﬃciently fast
away from the hole to compensate for the increase in stress-intensity factor with crack length to give a stable
crack growth. Because the stress-intensity factor predicts unstable crack growth, the crack length dependence
on sphere size cannot be explained by linear-elastic fracture mechanics. It can be seen in Fig. 8 that all curves
follow the same trend. Neither in the three-dimensional case nor the presence of a free surface can account for
a stable crack growth with a sphere-size dependence. For a comparison between a typical stress-intensity fac-
tor from the experiments and the macroscopic fracture toughness in Table 1 a sphere size of 15 lm is chosen.
From Fig. 7 it can be seen that this sphere size is within the diameter range which shows length-scale depen-
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a stress-intensity factor of approximately 0:3 MPa
ﬃﬃﬃﬃ
m
p
which is substantially less than the macroscopic fracture
toughness of 0:8 MPa
ﬃﬃﬃﬃ
m
p
listed in Table 1.
From specimens where the interfacial adhesion between polymer matrix and particles was better the surface
was scanned at a constant and high load or after fracture of the specimen. In the vicinity of small spheres the
matrix was undamaged and in the vicinity of large spheres the matrix was damaged. The diameter of the small-
est particle with damaged matrix and the largest sphere without damaged matrix was noted. In Fig. 9 these
two sphere diameters are indicated for both the applied stress r1 and the stress concentration at the pole
rd (see Appendix A) where the debonding is initiated. A line can be drawn between these points, with and
without damaged matrix, as illustrated in Fig. 9. To the left of this line the combination of stress and particle
diameter is so that the matrix is undamaged and to the right it is damaged. This shows that the stress needed
for damage initiation depends on the particle size. The stress concentration at the pole rd, where the debond-
ing is initiated, does not depend on the particle diameter (see Appendix A). Therefore the damage should ini-
tiate at the same applied stress close to all particles, which is not the case according to the experimental data.
In Fig. 5 micrographs are shown of the deformation process in the epoxy matrix in close proximity to two
spheres with diﬀerent diameters, when increasing the applied load. Here it can be observed that the debonding
is initiated ﬁrst close to the larger sphere and for a higher load close to the smaller sphere. This is a size eﬀect
which has also been observed by Zhuk et al. (1993), Puka´nszky et al. (1994) and Sjo¨gren and Berglund (1997).
It can also be noted that the debonding stresses in Fig. 9 are much larger than the macroscopic ultimate
strength from Table 1, which also is a length-scale eﬀect.
Previous works have shown that ﬁner particles (but the same volume fraction particles) can lead to
improvements in strength properties. The tensile strength in solid- and hollow-glass ﬁlled rigid polyurethane
composites (Landon et al., 1977) and in polyester ﬁlled with glass beads (Leidner and Woodhams, 1974) have
been shown to increase for composites with smaller ﬁller sizes. Also the strain to failure in polypropylene with
glass beads (Sjo¨gren and Berglund, 1997) have been shown to increase for composites with smaller particle
sizes. Mitsuishi et al. (1985) showed that the yield stress increases if the particles have smaller dimensions
in polypropylene ﬁlled with calcium carbonate.
3.2. Potential modelling approaches
To predict the observed damage phenomena, possible modelling approaches can be considered. It is clear
from the experimental results that both debond initiation and crack length show length-scale eﬀects, since theyFig. 9. The diameter of the smallest particle with damaged matrix (*) and the largest sphere without damaged matrix (s) are indicated for
both the applied stress r1 and the stress concentration at the pole rd. To the left of the line the matrix was undamaged and to the right it
was damaged.
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explained by conventional engineering methods such as linear-elastic fracture mechanics since the stress-inten-
sity factor increases monotonically with crack length (cf. Fig. 8), irrespective of proximity to the specimen sur-
face. For a brittle unbridged crack, the stress-intensity factor increases with increasing crack length, despite
the fact that the stress concentration from the sphere diminishes as the distance from the sphere increases. This
means that when a crack is formed, it would become instable and propagate catastrophically leading to ulti-
mate failure if the crack is governed by linear-elastic fracture mechanics. A possible way to account for the
observed length-scale eﬀect would be to generalize fracture mechanics with a non-linear constitutive contin-
uum model for the inelastic deformation around the crack tip, and to ascribe a cohesive law for the crack wake
surface. Both a continuum constitutive model and a cohesive fracture model can contain intrinsic length
scales. The two approaches can be used either separately or jointly to predict growth of the observed localized
zones.
A constitutive model expressed in terms of strain-gradient plasticity has an inherent length scale. There is a
large number of diﬀerent applicable strain-gradient plasticity models in the literature. Gudmundson (2004a)
has shown that many of them can be expressed as special cases of a uniﬁed framework of strain-gradient plas-
ticity. Strain-gradient plasticity can also be generalized to the viscoelastic case, which is useful for time-depen-
dent materials such as polymers (Gudmundson, 2004b). Strain-gradient plasticity models may be incorporated
in embedded plastic zones at the crack tip and in the wake (e.g. Hutchinson and Evans, 2000). To account for
crack growth, the continuum plasticity model is usually accompanied by a fracture criterion to represent sep-
aration of the crack faces. A combination of a cohesive law and a strain-gradient plasticity model has been
formulated by Wei and Hutchinson (1997). In conjunction with strain-gradient plasticity, Shi et al. (2000) have
shown that a cohesive law is preferable to a criterion based on the critical value of the J-integral for crack
propagation. A schematic illustration of continuum plasticity and cohesive eﬀects in the present crack conﬁg-
uration is presented in Fig. 10.
The formulation of cohesive laws is a useful generalization to account for non-linear eﬀects in fracture. The
relationship between surface traction and crack separation is typically used as a phenomenological model that
can encompass many interacting inelastic deformation mechanisms. It is therefore suitable for polymers,
which can show considerable complexity in fracture. In the speciﬁc case where there is only one dominant
deformation mechanism, physical cohesive laws may be formulated also for polymers. Ungsuwarungsri andFig. 10. Schematic illustration of crack-tip yielding and cohesive fracture in damage development in a fully debonded particle-ﬁlled
polymer.
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the cohesive law in fracture of polymers. Crazing occurs primarily in glassy amorphous thermoplastics. Based
on experimental results, Washiyama et al. (1994) have related the cohesive law to the process of ﬁbril drawing
from the polymer bulk and ﬁbril rupture. In the case of thermoset epoxy and glass/epoxy interfaces, other
damage mechanisms come into play. Liechti and co-workers (Swadener et al., 1999; Mohammed and Liechti,
2000) have identiﬁed thermodynamic work of adhesion, local inelastic deformations (formation of ridges),
polymer-chain pull-out and cleavage of epoxy strands, which can all be embraced by a single cohesive law.
It can be shown that a cohesive law can account for stable growth and length-scale dependence for crack
conﬁgurations similar to the one considered here. By dimensional analysis, similar to the approach adopted by
Bao and Suo (1992) and Suo et al. (1993), it may be demonstrated that the normalized crack length L/D gen-
erally depends on the sphere diameter D. Other dependencies are the parameters of the cohesive law, maxi-
mum traction r0 and crack opening d0, the crack tip fracture toughness C0, the Young’s modulus E, and
applied far-ﬁeld stress r1. Gu (1995) has investigated strength of plates with elliptical holes from which cohe-
sive cracks propagate. A simpliﬁcation can be made by considering the elementary case of an unbridged slit of
length D, with symmetric cohesive cracks each of length L. For a Dugdale cohesive zone (rectilinear bridging
law), the crack length L can then be estimated from (e.g. Suo et al., 1993)Fig. 11
cohesivﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2C0E
r20pD
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2 L
D
r
r 2
p
arccos
1
1þ 2L=D
 
ð2Þwhere r is the applied normalized stress, r ¼ r1=r0. Some plausible estimates need to be assigned to the
parameters in Eq. (2). The crack tip fracture toughness C0 is assumed to be 0.1r0d0. Remembering that the
total energy release rate for a long crack is governed by GIC = r0d0 + C0, it is here assumed that the crack
tip fracture toughness is about 10% of the total fracture toughness. The maximum traction r0 in the cohesive
law should be slightly larger than the ultimate strength listed in Table 1, here 80 MPa is chosen as a reasonable
value. The crack opening d0 is determined fromC0 þ d0r0 ¼ K
2
IC
E
ð3Þwhere the fracture toughness KIC and Young’s modulus E are listed in Table 1. In Fig. 11, the normalized
crack length L/D is plotted with respect to initial ﬂaw size, D, for various applied stresses, r. Even though
the geometry is diﬀerent from the experimental study and some of the parameters in Eq. (2) were assumed,. The crack length to diameter ratio depends on the sphere diameter for diﬀerent applied normalized stresses when a simple
e law is used.
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certain applied stress, cracks do not appear unless the ﬂaw size or sphere diameter exceeds a critical value, Dc.
For values larger than Dc, the normalized crack length L/D increases with increasing D. A diﬀerence between
the experimental and theoretical results can be seen when the sphere diameter exceeds the critical value,
Dc. The crack lengths from the experiments (see Fig. 7) show a jump from zero to a ﬁnite crack length, while
the theoretical model (see Fig. 11) gives a continuous curve. This diﬀerence can be explained by the higher
stress concentration from a slit used in the model compared to a spherical void. The crack lengths from
the qualitative model presented in Fig. 11 are of the same order of magnitude as the experimental results
despite the diﬀerences in geometry and estimated material parameters of the model. This lends conﬁdence that
a cohesive law can be used to describe the observed length-scale phenomena.
3.3. Length scales in epoxy and epoxy interfaces
A common trait of both the cohesive and strain-gradient model is that they possess intrinsic length scales.
There are many diﬀerent length scales that come into play in yielding and fracture processes. The structure of
epoxy is a densely cross-linked network of polymer chains. Thermosets are generally homogeneous polymers
even on the submicron scale, since they do not form crystallites as semicrystalline thermoplastic and do not
have any end-to-end distance as linear thermoplastic polymers. The only apparent structural length scale
for epoxies is the average distance between adjacent cross-links. Storey et al. (1988) have measured average
molecular weights of 300 g/mol between cross-links in a number of typical epoxies. This roughly corre-
sponds to a cross-link distance of 1 nm. Lam and Chong (2000) have shown that a length-scale parameter
associated with strain-gradient yielding is inﬂuenced by the cross-link distance in epoxies.
The next higher length scale can be estimated as an eﬀect of strain-gradient yielding. A length scale h* can
be determined from the hardness-depth relation for indentation of Nix and Gao (1998),H
H 0
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h
hmax
þ 1
s
ð4Þwhere H is the hardness, H0 is the hardness in the limit at inﬁnite depth, and hmax is the depth of indentation.
Agde Tjernlund et al. (2004) used this expression and estimated a length scale of 92 nm based on the hardness
data of Chong and Lam (1999) for epoxy.
The transition from yielding to fracture has been an active ﬁeld of research for decades, starting with the
work of Berg (1970) on plastic void growth and coalescence. Most research on the sequence of yielding, cav-
itation and fracture have concerned ductile metals, as has been extensively reviewed by Garrison and Moody
(1987), but the same general mechanisms should also be active in other materials, such as epoxy (Asp et al.,
1996). If yielding is suppressed due to a length-scale eﬀect, then the subsequent mechanisms of void growth,
coalescence and fracture processes would also be postponed. How the presence of a glass–epoxy interface
would inﬂuence these mechanisms is not well understood, but the results in Fig. 7 still indicate a clear
length-scale eﬀect.
An epoxy interphase may form around the glass spheres, whose properties are diﬀerent than those of the
bulk matrix. Garton and Daly (1985) demonstrated that carbon and aramid ﬁbres inﬂuenced the cross-linking
chemistry of an epoxy in the ﬁrst 200–400 nm from the ﬁbre surfaces. In this interphase zone, the ﬁnal level
(after cure) of anhydride monomers and ester products was decreased due to the presence of carbon or aramid,
which created a matrix zone with diﬀerent properties. The presence of glass ﬁbres has also shown to aﬀect the
curing reaction in another thermoset, unsaturated polyester close to the glass surface (Matı´as et al., 1995). Since
the molecular structure is diﬀerent in the interphase compared with the bulk matrix, the yield and fracture prop-
erties are expected to be diﬀerent. The thickness of the interphase therefore constitutes a material length scale.
The size of a fully developed plastic zone under plain strain conditions can be estimated by fracture
mechanics (Irwin, 1968)ry ¼ 1
6p
KIC
ry
 2
ð5Þ
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in Table 1, a plastic zone size of 9.4 lm is obtained, which can also be regarded as an intrinsic length scale for
crack growth in the epoxy material. It should be noted that Eq. (5) applies to the case of linear elastic-ideal
rate independent plastic solids, which is hardly the case for most polymers. This relation may still be used to
estimate the order of magnitude of the process zone in brittle epoxies.
The cohesive law is also associated with a length scale. The shape of the cohesive traction-opening displace-
ment law (see insert in Fig. 10) has little inﬂuence on the fracture process. Suo et al. (1993) have introduced a
length scaleTable
Summ
Length
Conto
Strain
Interph
Plastic
Cohesi
The ab
referend ¼ d0E
0
r0
ð6Þwhich only depends on maximum cohesive traction, r0, crack-opening displacement at which the cohesive
traction ceases, d0, and E 0 = E for plane stress, and E 0 = E/(1  m2) for plane strain, where E is the Young’s
modulus and m is the Poisson ratio. Bao and Suo (1992) have shown numerous examples in fracture of mate-
rials, where the length scale d controls e.g. fracture toughness, notch sensitivity and transverse cracking in
composites. For crack sizes considerably larger than d, linear-elastic fracture mechanics is applicable, whereas
for smaller crack sizes, the cohesive phenomenon needs to be taken into account. The maximum cohesive trac-
tion r0 has an upper limit of the strength of epoxy given in Table 1. Mohammed and Liechti (2000) showed
that a cohesive law with d0 = 3 lm gives accurate predictions of cracking in epoxy/aluminium interfaces with
planar debond cracks. Using these values and the elastic properties for epoxy in Table 1, a cohesive length
scale of d = 200 lm is obtained. This length is considerable larger than the other estimated length scales.
The various length scales in bulk epoxy and at epoxy interfaces mentioned above are summarized in Table
2. In this study glass spheres with diameter ranging from approximately 0.5–50 lm were used. These values are
in the area where length-scale dependence could be expected according to the various length scales presented
above. This was also the case for both the debond initiation at the glass/epoxy interface and the cracking into
the surrounding epoxy matrix. Debonding was shown to depend on the sphere size for spheres with diameters
8–22 lm (Fig. 9). Matrix cracking was shown to depend on the sphere size for spheres with diameters 13 lm to
50 lm (Fig. 7).
It should be mentioned that epoxy is a wide class of materials, whose properties depend on degree of cure,
functionality of the monomers, ﬂexibility and length between cross-links etc. In general, epoxy resins are made
from monomers with epoxide endgroups that are opened by amines or anhydrides to form a cross-linked ther-
moset. The epoxy used in this study and taken from the references are candidate materials for composite
matrices and adhesives, and should not show very diverse behaviour. In any case, several diﬀerent and over-
lapping length scales interact in epoxy materials, which could also be generalized to other thermosets. This
indicates that it should be diﬀerent mechanisms operating at diﬀerent length scales, which would require mul-
tiscalar modelling. More experimental work by in-situ observations is necessary to understand and quantify
these mechanisms.
The topic has so far been on damage development. Strength is an engineering design parameter that is gen-
erally more important than the accumulation of damage in load-carrying materials. The issue is then to for-
mulate criteria to predict when the accumulated damage becomes critical and leads to ultimate failure. For a
non-dilute composite, this will turn out to be a diﬃcult task, since crack coalescence, crack deﬂection and the2
ary of estimated length scales in epoxy and epoxy interfaces
scale Value References
ur length between adjacent cross-links 1 nm Storey et al. (1988)
gradient yielding in hardness testing 92 nm Agde Tjernlund et al. (2004)
ase thickness at glass surfaces 300 nm Garton and Daly (1985)
zone size 9.4 lm Irwin (1968)
ve-zone model 200 lm Suo et al. (1993)
solute values should be regarded as order-of-magnitude measures. The models and experimental data were taken from the cited
ces.
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notch sensitivity can be useful. Whitney–Nuismer criteria for strength of notched specimens contain a length
scale, which can be calibrated from tensile testing of plates with diﬀerent hole sizes (Whitney and Nuismer,
1974). Once this length scale and unnotched strength have been determined, the strength of a plate with
any hole diameter can be predicted. An analogy to a spherical void can be made. The embedded crack depicted
in Fig. 12 can be regarded as a three-dimensional version of the hole-notched plate in Fig. 13. Suo et al. (1993)
and Gu (1995) have shown how the notch-sensitivity length scale can be related to the cohesive length scale in
Eq. (6) to predict ductile or brittle behaviour.
Finally, it should be mentioned that more experimental work is necessary to calibrate parameters of cohe-
sive and yield models with any degree of accuracy. The current lack of experimental work is striking for
length-scale phenomena in inelastic deformation and fracture on the micron scale, in particular for polymer
materials. This study serves to identify length-scale eﬀects present in initiation and cracking in a glassy ther-
moset polymer promoted by glass spheres of diﬀerent dimensions.Fig. 12. Spherical void with circumferential crack at its equator, where measure deﬁnitions also are included.
Fig. 13. A plate with cracks emanating from a hole, with measure deﬁnitions.
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The active damage mechanisms have been studied by in situ microscopy in glass-particle reinforced epoxy
loaded in uniaxial tension. Damage generally formed ﬁrst at the surface, where microcracks emanated around
interface between glass spheres and the matrix. The interface cracks subsequently kinked out into the matrix in
the radial direction. Diﬀerent glass-sphere diameters were used, and apparent length-scale eﬀects were found
from image analysis of the micrographs. Both stress at debond initiation and matrix-crack lengths were
observed to depend on the sphere size. These dependences could not be explained by conventional stress anal-
ysis and linear-elastic fracture mechanics. Explanations of these length-scale eﬀects in the epoxy have been dis-
cussed, such as cohesive fracture, non-linear yielding with possible strain-gradient eﬀects and formation of a
distinct interphase close to the particles. A cohesive law can account for the dependence of crack length to
diameter ratio, L/D, on the sphere diameter, D. A simple model shows the same trend as the experimental
results. A better understanding of length-scale eﬀects in particle-ﬁllers polymers gives prospects to design
stronger materials.Acknowledgements
The authors would like to thank Messrs Johan Wikstro¨m and Bertil Dolk at KTH Solid Mechanics for
technical assistance in the manufacture of specimens and design of the experimental set-up.Appendix A. Stress concentration at the pole of a spherical inclusion subjected to uniaxial loading
If an inﬁnite matrix material with an embedded spherical inclusion is subjected to a uniform tension, the
stress close to the particle can be calculated from the elastic properties of the two materials (Goodier,
1933). If the particles are stiﬀer than the matrix material the largest stress concentration is the radial stress
at the pole close to the spherical inclusion as shown in Fig. 14 which can be determined fromrd
r1
¼ 1 Gm  Gpð7 5mmÞGm þ ð8 10mmÞGp 
ð1 2mpÞð7 5mmÞGm þ ð1þ 5m p  5mmmpÞ2Gp
ð1 2mpÞ2Gm þ ð1þ mpÞGp
þ
ð1 mmÞ 1þmp1þmm  mp
h i
Gp  ð1 2mpÞGm
ð1 2mpÞ2Gm þ ð1þ mpÞGp ðA:1Þwhere r1 is the applied tensile stress, m is the Poisson’s ratio and G is the shear modulus. The subscript ‘m’
refers to the polymer matrix and subscript ‘p’ refers to the particles.Fig. 14. Matrix material with an embedded spherical inclusion subjected to a uniform tension.
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B.1. Inﬁnite plate with circular hole and radial transverse cracks
The stress-intensity factor for inﬁnite plates with cracks emanating from a hole, shown in Fig. 13, is (Tada
et al., 1985)KI ¼ r1
ﬃﬃﬃﬃﬃ
pL
p 3=2þ L=R
L=Rþ 1 1þ 1:243
1
L=Rþ 1
 3" #
ðA:2Þwhere r1 is the applied uniaxial tensile stress, L is the crack length, R is the radius of the spherical void.
B.2. Peripherally cracked spherical void
The stress-intensity factor for a peripherally cracked spherical void, illustrated in Fig. 12 is (Baratta, 1978)KI ¼ r1
ﬃﬃﬃﬃﬃ
pL
p
c k tan1 L
R
 m 
1
2ð7 5mmÞ ð4 5mmÞ
1
L=Rþ 1
 3
þ 9 1
L=Rþ 1
 5" #
þ 1
( )
ðA:3Þwhere mm is the Poisson’s ratio for the polymer matrix. For this case the constant c is 1.12, k is 0.30 and m is 1.0
(Baratta, 1981).
B.3. Circumferentially cracked hemispherical surface pit
The stress-intensity factor for a circumferentially cracked hemispherical surface pit, shown in Fig. 15, can
be expressed as (Baratta, 1978)KI ¼ r1
ﬃﬃﬃﬃﬃ
pL
p
c k tan1 L
R
 m 
f ðL=R; mmÞ: ðA:4ÞIn this case c is 1.12, k is 0.22 and m is 1.0 (Baratta, 1981). The function f(L/R,mm) is the normalized stress and
this function can be divided into two parts (Eubanks, 1954)f ðL=R; mmÞ ¼ rhr1 ¼ U þ R: ðA:5ÞThe ﬁrst part U corresponds to the uniform applied stress ﬁeld, in this case 1 since it is normalized. The second
part is assumed to have the formR ¼
X1
n¼0
ðanAn þ bnBnÞ ðA:6ÞFig. 15. A circumferentially cracked hemispherical pit at a free surface, with measure deﬁnitions.
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0
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Bn ¼ 1ðL=Rþ 1Þ2nþ4 P
0
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ðA:8Þwherea2n ¼ ð2nþ 1Þ2  2þ 2mm ðA:9Þ
a1 ¼ 1 ðA:10Þand Pn(cosh) is the Legendre polynomial of order n:P 2nð0Þ ¼ ð1Þn ð2n 1Þ!!ð2nÞ!! ðA:11Þ
P 0nð1Þ ¼
nðnþ 1Þ
2
ðA:12Þwhere !! denotes the double factorial.
The stress-free plane boundary condition and the condition that the stress vanishes far away from the hole
is satisﬁed by An and Bn. In view of the fact that each An and Bn satisfy these boundary conditions, the same is
true for R. The last boundary condition is traction-free surface of the pit, which can be satisﬁed by suitable
choice for the coeﬃcients of superposition an and bn. Two equations can be derived for an so that the boundary
condition is satisﬁedan1 ¼ ð2nþ 2Þa2nDn
5
3
dðnÞ1 þ
X1
k¼0
ð2n 2k  1Þa2kþ2xðnÞk þ ½ð2k þ 3Þb2kþ1  ð2nþ 1Þa2kþ2xðnÞkþ1
n o
ck
" #
ðn ¼ 1; 2; 3; . . .Þ ðA:13Þ
andan ¼ ð2n 1ÞDn
2
3
dðnÞ0  8dðnÞ1 þ
X1
k¼0
½ð2kþ 2Þa2n1 2nb2n2a2kþ2xðnÞk þ ½2nb2n2a2kþ2  ð2kþ 3Þa2n1b2kþ1xðnÞkþ1
n o
ck
" #
ðn¼ 0;1;2; . . .Þ ðA:14Þ
where dðnÞm is the Kronecker delta,Dn ¼ ð2n 1Þð2nþ 2Þa2n½2nb2n2  ð2nþ 1Þa2n1; ðA:15Þ
bn ¼ ðnþ 2Þðnþ 5Þ  2mm ðA:16ÞandxðnÞk ¼
ð4nþ 1ÞP 2nð0Þ
ð2k þ 1 2nÞð2k þ 2þ 2nÞ : ðA:17ÞThe elimination of an between the two systems of equations yields an inﬁnite system of equations for un-
knowns ck (k = 0,1,2, . . .). The systems can be reduced by using ﬁnite sums in Eqs. (A.13) and (A.14), to ﬁnd
out the ﬁrst ck which are the most important. Once the ck have been determined, the coeﬃcients of superpo-
sition an follow from Eq. (A.13) or (A.14) and bn follow from:ck ¼ ð2k þ 1Þð2k þ 3ÞP 2kð0Þbk: ðA:18Þ
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